We study the ground state of 11 Be, which is well known for its abnormal parity problem. To solve this problem, two mechanisms -the "halo structure" and the "deformation effect" -have been discussed. We study these two mechanisms in the AMD+HF model. Then we introduce another mechanism, the "pairing excitation", and show that the calculation with AMD+HF indicates the importance of this third mechanism. §1. Introduction Recent developments in experimental technology have made it possible to utilize unstable nuclei as a secondary beam. Many strange phenomena which cannot be seen in stable nuclei have been discovered. Typical examples are the halo and skin structure. 1) Further experiments are being done to obtain more information concerning their details. 2) In addition theorists have proposed many interesting theories and have given interpretations to experimental results.
§1. Introduction
Recent developments in experimental technology have made it possible to utilize unstable nuclei as a secondary beam. Many strange phenomena which cannot be seen in stable nuclei have been discovered. Typical examples are the halo and skin structure. 1) Further experiments are being done to obtain more information concerning their details. 2) In addition theorists have proposed many interesting theories and have given interpretations to experimental results. 3) - 8) Light unstable nuclei have been investigated particularly extensively both theoretically and experimentally. Among such light unstable nuclei, 11 Be has attracted much attention. This is due to fact that 11 Be is one of the halo nuclei, 1) and it represents a well-known problem. This is called the "abnormal parity problem," which has not yet been solved completely, although Talmi and Unna pointed it out 40 years ago. 9) If the seven neutrons of 11 Be are put into single-particle levels following the shell model, the last neutron occupies a 0p-shell level. Hence the ground state of 11 Be should have negative parity. But its J π is found to be 1 2 + experimentally. 10) This problem is very important to nuclear physics because it is related to the violation of the magic number N = 8. For this reason, various theories have been used to study it, but it is not yet resolved. The shell model, 11) the AMD (anti-symmetrized molecular dynamics) model, 12) and the cartesian mesh Hartree-Fock model 13) have failed to reproduce the ground state of 11 Be.
Various studies have shown that two mechanisms are important to solve this problem. One of them is called the "halo structure." According to experiments 1) it is known that 11 Be has a larger radius than the neighbor nuclei. The last neutron is so weakly bound that its wave function can have a long tail (Fig. 1) . Then, the neutron density is spread over a large volume. This structure constitutes the "neutron halo." If the mean-field potential also has a long tail, the energy gap between the 0p and 1s levels of the sd-shell can be fairly small. Therefore one must consider this halo structure, especially the long tail, in studying 11 Be. In fact, shell model calculations 14) have succeeded in reproducing the ground state J π = of 11 Be by adjusting the single particle energy of 1s 1 2 level. The variational shell model 15) and Hartree-Fock+shell model 16) indicate that the last neutron is very weakly bound and has a long tail. The other mechanism is called the "deformation effect." The Nilsson-Strutinsky method 17) and the coupled channel approach 18) indicate that the deformation is important for the ground state of 11 Be. According to studies using molecular orbit models 19) -21) and the AMD model, it is quite likely that the structure of the Be isotopes have a core part composed of the two alpha clusters. Based on the ideas of Refs. 21) and 22), we can attempt to study 11 Be roughly with the two-center shell model whose single particle energy diagram is given in Fig. 2 . As seen in Fig. 2 , the order of the single-particle levels is changed with the development of the deformation, namely the inter-α distance. In the case of 11 Be, which has seven neutrons, the last neutron occupies K π = 1 2 − , coming from 0p 1 2 when its deformation is small, and the parity of the total system becomes negative. But in the case of large deformation, K π = 1 2 + comes down from the sd-shell. As a result the last neutron occupies this level and the parity of the system becomes positive. In addition, this level contains the s-obit component because it comes down from the sd-shell. As the s-orbit does not feel the centrifugal barrier, the wave function of this level can have a long tail. For this reason, the second mechanism is related to the first. We call this level the "halo level" hereafter.
To this time, discussion of the anomalous parity problem of 11 Be has mainly been based on these two mechanisms. In this paper we further investigate the third mechanism, which is called the "pairing excitation." For the ordinary shell model configuration of 11 Be with negative parity, the last neutron occupies the 0p orbit. Therefore the pairing excitation of two neutrons in the 10 Be core within the 0p-shell space is Pauli blocked. However, for the positive parity configuration, where the last neutron occupies an sd-shell orbit, the pairing excitation of two neutrons in the 10 Be core receives no such Pauli blocking effect within the 0p-shell space. This can effectively cause the lowering of the positive parity configuration relative to the negative one. The importance of this effect due to the pairing excitation was originally proposed by Sagawa et al. in Ref. 23 ). We will show that our calculation with the AMD+Hartree-Fock (AMD+HF) theory indicates the importance of this third mechanism.
This paper is composed of five sections. In the next section we explain our methods, which consist of AMD and AMD+HF. In §3 we study the first mechanism, the halo structure, and improve the wave function of the halo level. Since the deformation effect, which is the second mechanism, is automatically included in the calculated results with AMD and AMD+HF, our discussions in this paper are all based on the deformed structure of 11 Be. In §4 we investigate the third mechanism, the pairing excitation. Section 5 contains a summary and conclusion. §2. AMD and AMD+HF
In this section we briefly explain the anti-symmetrized molecular dynamics (AMD) and AMD+Hartree-Fock (AMD+HF). For more details the reader is referred to Ref. 22 ). First we explain the AMD. In the AMD we represent one nucleon by one Gaussian wave packet:
Here Z i is a complex vector parameter, and |α i represents the spin-isospin wave function with
The total wave function is given by first making an anti-symmetrized product of these |ϕ i and then by projecting it onto the eigenstate of parity:
The Hamiltonian in our calculations is given aŝ
whereT ,V c andV LS are the kinetic part, the central force and the LS force, respectively.T G is the energy of the center-of-mass motion, which must be removed. Here we use asV c the Volkov No. 1 force 24) and asV LS the G3RS force. 25) The variational parameters Z i of the ground state wave function Φ ± are determined by solving the frictional cooling equation aṡ
and C.C.,
Here λ is an arbitrary real number and µ is a negative arbitrary number. We can easily show that the energy of the total system decreases with time,
AMD has many merits due to the simple form described above. For example it is characterized by the following: (i) the total wave function is completely antisymmetrized and parity-projected; (ii) a finite-range force can be used because the single nucleon wave function is represented by a Gaussian wave packet, which allows the matrix elements to be calculated analytically; (iii) there is no need of model assumption about the deformation and the existence of clusters; (iv) the center-ofmass motion is completely removed.
AMD has been applied to many light nuclei, such as Li, Be, B and C isotopes. It has succeeded in reproducing various quantities, such as the binding energy, the root-mean-square radius, the excitation spectra, and electro-magnetic properties. 12), 26), 27) In addition, the relation between the neutron number and the development of the cluster structure has also been studied. Recently, variation after spin-projection was also carried out, with many interesting results. 28) In order to investigate the present abnormal parity problem, which is caused by the inversion of p-shell and sd-shell orbits, it is desirable to use the concept of the single-particle levels. But the AMD does not contain the picture of the single-particle motion explicitly. Thus we utilize the AMD+HF method, 22) which introduces the concept of the single-particle motion into the usual AMD. We show here the basic part of AMD+HF, i.e. the method to extract the single-particle levels from the AMD wave function. The single particle wave functions |ϕ i of AMD are not orthonormal because they are Gaussian wave packets. Hence it is necessary to first construct an orthonormal base by making linear-combinations of {ϕ i }, which are determined by the frictional cooling. We calculate the set of eigenvalues and eigenvectors of the overlap matrix B:
The eigenvectors {c α i } are normalized. We define the new base {|f α } as
We can easily confirm that this set forms an orthonormal base. Using this base we construct the matrix {h αβ } corresponding to the single-particle Hamiltonian of Hartree-Fock as follows:
Diagonalizing the matrix {h αβ }, we calculate the eigenvalues { p } and eigenvectors {g p α }: The eigenvectors {g p α } are normalized. The single-particle wave function |p belonging to the single-particle energy p is given as
We call such single-particle orbits {|p } and energies { p } "AMD-HF orbits" and "energies," since they are extracted from the AMD wave function. For identification of the obtained single-particle wave functions, we can use the expectation values of j 2 z andl 2 , whereĵ z is the z-component of the total angular momentum operator, andl is the orbital angular momentum operator. We also use the percentage of the positive parity component of the single particle wave function, because sometimes the AMD-HF orbits are parity mixed. In a previous paper, 22) we studied Be isotopes with AMD+HF. By checking the single-particle levels obtained by AMD, we confirmed that the AMD can describe the picture of the single-particle motion. In the case of 10 Be we obtained a very interesting result that is not seen in the shell model and the usual Hartree-Fock model. We found that the highest single-particle level of the negative parity intrinsic state of 10 Be is parity mixed and consists of 60% positive parity and the 40% negative parity components. In the case of the positive parity intrinsic state of 11 Be, which we discuss in this paper, we have confirmed the existence of the halo level in the field of two α-cluster core, as mentioned in the Introduction. §3. Improving the single-particle wave functions
In this section we discuss the halo structure, which is one of the three mechanisms mentioned in the Introduction. We point out that because AMD has no assumption regarding the existence of clusters and the deformation, the second mechanismthe deformation effect -is taken into consideration automatically in the AMD calculations.
In the positive-parity intrinsic state of 11 Be, the last neutron occupies the halo level coming down from the sd-shell, and this level contains the s-orbit component. Thus it can have a long tail. But in AMD we assign one Gaussian wave packet to one nucleon, and so the AMD-HF orbits of neutrons are composed of linear combinations of Gaussians whose number is at most the number of neutrons. Such a number of Gaussians are too few to represent the long tail of the halo level. In addition, the valence levels, which are in general rather widely spread, like the halo level, may not be well represented by such a small number of Gaussians either. Therefore we attempt to improve such valence levels including the halo level.
Formalism
Improvement of the valence levels including the halo level is carried out as follows. First we choose the valence levels from the AMD-HF levels by checking their properties. Then we add several Gaussians to such valence levels:
Finally we carry out the frictional cooling for the parameters
Results
We were able to improve the valence levels of 10 Be(−), 11 Be(−) and 11 Be(+). Here, with the notation 10 Be(−), 11 Be(−) and 11 Be(+) we mean the negative parity intrinsic states of 10 Be and 11 Be and the positive parity intrinsic state of 11 Be, respectively. The reason we treated 10 Be is that it has parity-mixed single-particle levels including the component of the halo level. 22) We improved 10 Be(−) by adding two Gaussians to each of two valence levels, and 11 Be(−) and 11 Be(+) by adding six Gaussians to each of three valence levels. In Table I we give the results of the calculation. The upper and lower rows contain the results before and after the improvement, respectively. Here, B.E., RMS and β indicate the binding energy, the root-mean square radius and the deformation parameter, respectively. The last column is the overlap between the wave functions before and after the improvement. In these results we can see a larger change in 11 Be(+) than in the others, as expected. It is known that the usual AMD is not particularly good for the description of the halo nucleus 11 Be(+) from a previous study. 22) For example, the halo level extracted from the AMD wave function is rather inadequate. In Table II the properties of single-particle levels before and after the improvement are shown. Here, S.P.E. and I-S indicate the single-particle energy and the isospin spin. Also, L2 and K2 2 is large, and the parity is almost positive. But its singleparticle energy is positive, which is inadequate. After the improvement, such insufficiency is improved, because the single-particle energy of the top level becomes smaller by about 1 MeV than the result before the improvement. It is interesting to note that the single-particle levels from No. 2 to No. 7, which seem to belong to the 0p-shell but have a small positive parity component before the improvement, experience a decrease in their positive parity components to almost zero after the improvement.
In Fig. 3 we show the density distribution along the principal axis before and after the improvement. We can see the halo tail is now reproduced fairly well by the improvement.
Approximate treatment of angular momentum projection and the three-body force
To this point we have discussed intrinsic states. We now estimate the energy of the state which is projected to a definite angular momentum by using an approximate formula for the angular momentum projection. When the state |Φ is projected to the angular momentum I, the binding energy E I of the projected state is given approximately as
In the calculation given above, we did not use the three-body force, which produces the attractive effect at low density. The positive parity state of 11 Be is of lower density than the negative one. Therefore the positive parity state feels a stronger attractive force than the negative one if we adopt a three-body force in addition to the two-body force. Here we calculate the effect of the three-body force using perturbation theory. When we introduce a three-body forceV 3 into our Hamiltonian, we must modify our two-body central forceV c toV c so that we have the relation
for the state Φ with normal density. In the case of the Volkov No. 1 force forV c , we can use the MV1 force 29) forV c +V 3 , whereV c is obtained fromV c by weakening the strength of the repulsive part ofV c . The three-body forceV 3 of the MV1 force is a zero-range force of the form ijk t 3 δ(r i − r j )δ(r i − r k ).
In the perturbative calculation of the effect of the three-body force we calculate the energy by using the AMD wave function Φ with improved valence orbits, which is obtained by minimizing the expectation value of the Hamiltonian without the three-body force:
This equation shows that we regard (V c +V 3 −V c ) as the perturbation term of the total Hamiltonian. Table III gives the results calculated with the approximate treatment of the angular momentum projection and the three-body force. In this Table, AMDS, +A.A.P. and +3 are the results obtained after improving the single-particle wave functions, with an approximate angular momentum projection and with the perturbative treatment of three-body force, respectively. We can see the energy difference ∆ between the positive and the negative parity states becomes as small as 1.6 MeV when the two effects of "+3" and "+A.A.P." are taken into account. This is much smaller than the result of the usual AMD (7.5 MeV). However, the positive parity state still has higher energy than the negative one. §4. Pairing excitation
As mentioned above, we did not succeed in solving the abnormal parity problem by using only the halo structure and the deformation effect. Another mechanism is needed. In this paper we introduce the pairing excitation mechanism as the third mechanism, which was proposed in Ref. 23 ). This mechanism was shown to be important also for 11 Li in Ref. 30 ).
In the case of the spherical mean field, the explanation of the mechanism of the pairing excitation is as follows. When we put neutrons in 11 Be(+) according to the simple shell model, the last neutron occupies 1s 1
2
. We represent such a configuration as |GS . Here we can consider another configuration as J π = 
By mixing these two configurations, the binding energy of 11 Be(+) becomes stronger.
Here we note the point that this mechanism does not work in 11 Be(−). In 11 Be(−), 0p 1 2 is already occupied by one neutron. Hence this mechanism is forbid- (Fig. 5) . We can consider the configuration in which paired neutrons are raised up to the higher sd shell. However, such a configuration does not seem very important, for the reason we now explain. The actual mean fields in 11 Be(−) and 11 Be(+) are not spherical but deformed. As 11 Be(−) is less deformed than 11 Be(+), the sd shell does not come down close to the 0p shell, and the difference between p and sd shells remains large. Therefore such a pairing excitation seems unlikely.
Method and result
In this subsection we actually construct the pairing excited configuration. The single-particle orbits for constructing the pairing excited configuration are supplied by AMD+HF. These are deformed orbits. However, in the usual AMD+HF method applied to 11 Be(+), the K π = The process of calculation is as follows. First, we construct 11 Be(+) and 11 Be(−) using the usual AMD and extract the single-particle levels from them with AMD+HF. Second, we replace the K π = , is exactly projected onto the negative parity:
In addition, we orthogonalize |ϕ 
With this operation, we can completely remove the component of
− levels from the levels transplanted from 11 Be(−). In the pairing excited state of 11 Be(+), the time-reversal state of |ϕ
, is also occupied by a neutron. HereK is the complex-conjugation operator. We construct the pairing excited state |PEX with these states, |ϕ
and |ϕ
. Explicit representations of |PEX and |GS are as follows:
Here φ halo stands for the halo level with
+ coming from the sd shell. Finally, as the total system is a positive parity state, |GS and |PEX are projected onto the positive parity states, |GS + and |PEX + , respectively. In addition |PEX + is orthogonalized to |GS + , which we denote as |PEX + . With these two bases, |GS + and |PEX + , we diagonalize the Hamiltonian:
In our calculation, the Hamiltonian matrix which generates the largest energy gain is
. Diagonalizing this matrix we get the ground state energy, which is −47.54 MeV. In other words the energy gain is only 230 KeV. Such a small energy gain is caused by the fact that the non-diagonal matrix element H 12 is too small.
Here we consider the reason why the non-diagonal element is so small. In the calculation of H 12 , the most important quantity is the two-body matrix element Here ab|v|cd a represents the antisymmetrized matrix element,
We see that the two diagonal matrix elements are comparably large, but that the non-diagonal matrix element is extremely small. Therefore we can suppose that such a small H 12 is caused by the effective interaction we use. As mentioned above, in this paper we use the Volkov No. 1 force as the effective interaction. The Volkov force was originally made to reproduce the bulk properties (for example the binding energies) of many nuclei. Thus it may be inappropriate for the description of the pairing-like property. In the next subsection we investigate properties of the Volkov force.
Properties of the Volkov force
In order to investigate the Volkov force in detail, we calculate the matrix elements with the harmonic oscillator shell model wave functions:
In Table IV we give the calculated matrix elements of the Volkov force and those by Cohen-Kurath 31) and by Sagawa et al. 23) These matrix elements are calculated by using good angular momentum states of two neutrons. The definition of
J , where (j 1 j 2 ) J indicates that j 1 and j 2 orbits are coupled to the angular momentum J.
According to Table IV , is not very small in the case of the Volkov force, as in the cases of Cohen-Kurath and Sagawa et al. However, here we need to remember the fact that these quantities are calculated with the spherical wave functions, and we are treating the deformed system now. We calculate the matrix elements of the Volkov force with the Nilsson orbits. The results are shown in Fig. 7 , where the abscissa indicates the deformation parameter δ. In this case, unlike the case of the AMD-HF orbits, the deformed orbits are only within the 0p-shell:
In Fig. 7 we can find that the matrix element a , which is most important in our calculation, becomes small rather rapidly as the prolate deformation develops. On the other hand, in Fig. 7 , where we show the calculated matrix elements of CohenKurath force in the same way, the matrix element We therefore see that the Volkov force has the special property that the matrix element a becomes especially small when the system is significantly deformed prolately.
Improved result
Now we return to our calculation. The investigation in the previous subsection reveals that the special property of the Volkov force causes the non-diagonal matrix element H 12 to be extremely small. For this reason, we attempt to improve our calculation.
We recall the property of the pure pairing-force as the criterion of the improvement. In the case of a pure pairing-forceV p , all matrix elements, 21 MeV, which implies that the energy gain of 11 Be(+) through the pairing excitation mechanism is 3.9 MeV. §5. Summary and conclusion
In this paper we studied the abnormal parity problem of 11 Be with AMD+HF. To solve this problem, first in §3 we investigated two mechanisms, the halo structure effect and the deformation effect. These mechanisms have been studied thoroughly by many other theorists. As a result of improving the valence levels, we saw a larger improvement in 11 Be(+) than 11 Be(−), as expected. In particular, checking the density distributions, we found the halo tail is formed after improvement. In addition, by taking the approximate angular momentum projection and by carrying out the perturbative treatment of the three-body force, we obtained the result that the energy difference between the positive and negative parity states becomes as small as 1.6 MeV, while it is 7.5 MeV using the usual AMD. However, the calculated positive parity state was still found to be higher than the negative one.
In order to solve this problem, in §4 we introduced another mechanism, which we called the "pairing excitation mechanism." This mechanism was originally proposed by Sagawa et al. in Ref. 23) and was recently applied also to the 11 Li problem in Ref. 30) . As mentioned in §4, in addition to the usual configuration of the positive parity ground state obtained with the naive shell model, we can construct another configuration with J π = 1 2 + by making a neutron pair excitation within the p-shell.
In the case of 11 Be(−), this kind of pairing excitation is Pauli blocked. We expect that by mixing these two configurations the J π = The reason why the non-diagonal matrix element is small was traced back to the fact that the quantity a is very small. This quantity is very important in calculating the non-diagonal matrix element H 12 . Thus we suspected that there is a basic problem with the effective interaction we used. We studied the properties of our effective interaction, which is Volkov No. 1 force, by using the harmonic oscillator Nilsson wave functions. We found the Volkov No. 1 force has the special property that its matrix element a becomes smaller for a larger prolate deformation. Thus we confirmed that our failure was caused by the special property of the Volkov No. 1 force.
We modified the quantity a by considering the case of a pure-pairing force as the criterion. When we did this, the non-diagonal matrix element H 12 became large, and the ground state of 11 Be(+) obtained a large energy gain, which is 3.9 MeV with the mechanism of pairing excitation.
We give the final results in Fig. 8 . Taking all mechanisms into consideration, the energy of 11 Be(+) becomes lower than that of 11 Be(−) by 2.3 MeV. Experimentally, the difference between the positive and negative parity states is about 200 KeV. We thus see that our result is too large compared to experiments. But one should recall that the purpose of this paper is not pursuit of a precise calculation but clarification of the important mechanisms which cause the abnormal parity problem. For example, in §3 we made the angular momentum projection and the introduction of the three-body force approximately. However, these approximate treatments are sufficiently useful in first clarifying that the larger deformation of by various effects and mechanisms.
11 Be(+) than that of 11 Be(−) makes the energy difference between these states smaller through the angular momentum projection and second that the more dilute density of 11 Be(+) than that of 11 Be(−) also makes the energy difference between these states smaller through the action of the repulsive three-body force. Another example is our treatment of the pairing excitation mechanism in §4. One can note here the fact that the assigned value of −6.2 MeV for the matrix element a is not a uniquely determined value but simply a guessed value, although the energy splitting between 11 Be(+) and 11 Be(−) depends strongly on the value of this matrix element. However, we were able to clarify in a very convincing way that if we adopt an appropriate value for the matrix element a , 11 Be(+) acquires a large energy gain. This shows that understanding the mechanism of the pairing excitation is very important in solving the abnormal parity problem in 11 Be.
